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Abstract 
We consider the asymptotic behaviour of the smallest singular values of the n x N sec- 
tions of a general infinite Cauchy-Toeplitz matrix. 0 1998 Elsevier Science Inc. All 
rights reserved. 
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A Cauchy-Toeplitz matrix is a matrix which is both a Cauchy matrix (i.e. 
(l/(x, -~~)):l,~,) and a Toeplitz matrix (i.e. (zI-,):I,=,). Every n x n Cauchy- 
Toeplitz matrix is of the form 
” = (g + (f- j)h):i, 
with complex numbers g and h such that g + kh # 0 for all 
k E { 1 - n, . . n - l}. The case h = 0 is not interesting here; so we suppose 
that h # 0. Moreover, we want to consider the matrices r;, for all n; hence 
we suppose that g/h is not an integer. Under these restrictions, 7;, is just a com- 
plex multiple of a matrix of the form 
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Proposition 1. Let (A,,) E 9. Then the following assertions are equivalent. 
(a) The coset (A,) + 23 is Moore-Penrose invertible in F/F?, i.e. there is a se- 
quence (B,) E F such that: 
IIA,B,A, - Anll + 0, IIB,A,B, - Bnll -+ 0, 
II(An&)* - AAIl + 0, II( - BJnIl + 0. 
(b) there are non-negative numbers c, and d with c, -+ 0 as n + CC and d > 0 
such that C(A,) G [0, c~] U [d, 00) for UN sujiciently large n. 
For a proof see [3], Section 2. 
Thus, if (A,,) is a Moore-Penrose sequence in the sense of (a), then the sin- 
gular values of A,, is split into two parts: one of them tends to zero as n + CG, 
whereas the other one remains bounded away from zero by a positive constant 
for all sufficiently large n. 
For certain concrete sequences we can describe this splitting quantitatively. 
For this goal, let 9 stand for the smallest closed subalgebra of 9 which con- 
tains all sequences (P,T(a)P,) where T(a) runs through the Toeplitz operators 
with piecewise continuous generating function a. Recall that a function on the 
unit circle T is called piecewise continuous if it possesses one-sided (and finite) 
limits at each point of T, and that the Toeplitz operator generated by the func- 
tion a is given by 
T(a) = (ai-j)&I 
with ak referring to the kth Fourier coefficient of a. 
The algebra 9 contains the ideal 9 ([4], Proposition 3.15); so we can form 
the quotient algebra Y/9? which is a closed subalgebra of 91%. This subalge- 
bra can be, up to isomorphy, described completely. For, we introduce opera- 
tors W, 
w,: I2 + I’, (x,,xz )... )H(Xn,Xn- I,..., x,,O,O,...). 
One can show easily that the strong limits 
s-lim A,P, =: &(A,), s-lim W,A, W, =: S, (A,,) 
exist for arbitrary (A,) E .F, and that the mappings 
sj: 9 + L(12)> (A,)++&(A,) with i E (0, 1} 
are *-homomorphisms. Since 9 c ker S,, the quotient homomorphisms 
Y/9 * L(12), (A,) +9++&(A) with i E (0. l} 
are well defined, and we denote them by S, again. Let Y stand for the smallest 
closed subalgebra of the product algebra L(Z2) x L(12) which contains all pairs 
(SO(A),&(A)) with (4) E 9. 
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Proposition 2. The mupping (A,,) + YH (&(A,,), S1 (A,,)) is un isometrical 
isomorphism between 9/% mnd .‘f. 
See [5] for a proof. This proposition particularly implies that, for (A,,) E 5, 
the assertions of Proposition 1 are equivalent to: 
(c) thr operutors &(A,,) und Sl (A,,) ure Moor+Penrose invertible in L( 1’). 
A special class of Moore-Penrose invertible operators is formed by the 
Fredholm operators, i.e. operators with finite-dimensional kernel and cokernel 
and with closed range. 
Proposition 3. Let (A,,) E .Y, end .suppose the operators &(A,,) and S1 (A,,) to be 
Fredholm. If’n is Iurge enough, then the number oj’elements of’C(A,) n [0, c,] is 
independent ofn> und it ,just coiwides rc*ith dim ker &(A,) + dim kerSr (A,). 
Herein, the c,~ are the numbers introduced in Proposition 1. For a proof see 
[3], Theorem 9, where the statement is verified in a more genera1 context. 
Now we can prove Theorem 1. First we remark (as Tyrtyshnikov did) that 
the Cauchy-Toeplitz matrices r,,,, are related to the finite sections of a Toeplitz 
operator with piecewise continuous generating function. Indeed, if h refers to 
the function 
h(e”) := Le -iqx 
sin rrg ’ 
x E [-7L l-c) 
(which possibly has a jump discontinuity at -1 E T and is continuous on 
T \ { - I}), and if J,, is the operator 
diag(l,-1. 1.-l,... >(-l)“-‘): Im P,, 4 Im 8,: 
then J,,P,,T(h)P,,J,, = 7&. This identity involves that 
C(P,,T(h)P,,) = x(7&,). 
and so we can restrict our considerations to the singular values of the matrices 
P,, T(h)P,,. The sequence (P,, T(h)P,,) IS in .F by definition, and one easily verifies 
that: 
So(P,,T(h)P,,) = T(h). SI (P,IT(h)P,,) = V$ 
where h(eLr) = h(e-“) = (rc/sin xg)e’“‘. I n order to apply Propositions 1 and 3 
we have to check whether the Toeplitz operators T(h) and T(h) are Moore- 
Penrose invertible or even Fredholm. This can be done by means of a criterion 
by Heunemann [6] and by employing the symbol calculus due to Gohberg and 
Krupnik [7]. What results is the following proposition. 
Proposition 4. (a) v IReg_l E (k - 1 12, k + I 12) jtir some non-negative 
integer k, then T(h) and T(h) are Fredholm operators, and 
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/indT(h)l = ]indT(i)l = k. 
(6) If Reg = k f 112 for some integer k, then neither T(h) nor T(h) are Moore- 
Penrose invertible. 
To finish the proof we start with the case IRegl E (k - l/2. k + l/2) for 
some non-negative integer k. Then one has 
ind T(h) = -ind T(h), 
and a theorem by Coburn ([8], Theorem 2.38) states that 
dim kerT(a) = 
ind T(u) if ind T(u) > 0, 
0 
if ind T(u) < 0. 
even for arbitrary functions a E L”(T). Combining these facts yields 
dim kerT(h) + dim kerT(h) = k. 
which gives, via Proposition 3, the assertions (a) and (b) of Theorem 1. 
Now let Reg = k + l/2 with k being an integer, and assume there is certain j 
such that G,,, + 0. Let j, be the smallest of all j having this property, and let 
(n,.) be an (infinite) subsequence of the positive integers such that 
inf ,.o,,,,,,, > 0. Then one has ajs_ --+ 0 for all j < jo and, hence, the singular val- 
ues of the operators in the sequence (P,, T(h)Pflr) split in the sense of assertion 
(b) of Proposition 1. Thus, the same proposition entails that (P,, T(h)P,,() is a 
Moore-Penrose sequence in sense of assertion (a) of this proposition. Taking 
into account that the homomorphisms S,, when applied to a subsequence of 
a certain sequence, yield the same result as for the sequence itself (i.e. they 
are fractal in the sense of [9]), we conclude that 
s;(P,, T(h)P,,) = Si(P,,T(h)P,) 
= (T(h), T(h)) for i E (0: l}. 
This implies, via assertion (c), that T(h) and T(h) are Moore-Penrose invertible 
operators which contradicts Proposition 4. 
Remark 1. In the abstracts of his papers [ 10,111, Arveson formulated a theorem 
which he then proved several times in a very impressive manner. Here is the 
verbatim formulation of his theorem: 
Numerical problems involving infinite dimensionul operators require u wfor- 
mulution in terms of C*-algebras. 
The present paper in combination with [12,4,9,3], should yield a further illus- 
tration of Arveson’s observation. 
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